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Abstract—
It is an interesting goal to obtain robots lighter, more

precise or to minimize other criteria. Among robot opti-
mization problems, optimizing the structure of robot links
considering all its conditions of use can be a very compu-
tationally intensive problem, due to the dimension of the
configuration space. Maybe for this reason, such problems
has never been solved thoroughly. We considered the case
of a 3-degrees-of-freedom echography robot. We optimize
the shape of two links to minimize the weight and defor-
mation under an end-effector force condition, and whatever
the robot configuration. In order to obtain a rapid optimiza-
tion, we use a non-uniform beam model for links with sen-
sitivity computations. We proposed an easy-to-solve com-
promise formulation between two criteria. We showed that
some substantial weight decrease could be obtained while
keeping small deformations, with reasonable computation
times, and that several configurations must be considered
simultaneously.

I. Introduction

Design optimization of robots is challenging to obtain
more precise, lighter, faster, less energy-consuming or
stronger robots. To obtain this goal, it is possible to choose
the robot structure (number, type and position of joints) the
links shape, the choice and position of the actuators. In this
paper we are interested in the optimal choice of links shape.
Our contributions on this problem are:
• to optimize the robot shape under a strength constraint
of its structure. At first, this problem is not different from
structural optimization made in civil engineering or engi-
neering design. Our contribution is to consider the com-
plexity of robot due to its various configurations, and to
environment forces it may undergo. This general problem
is presented section II.
• to approximate the problem, compute its gradients and
use a gradient-based optimization method to obtain a fast
and robust optimization, see section III.
• to propose a compromise formulation between two crite-
ria that can be easily and efficiently solved.
• to apply this method to a 3-degrees-of-freedom echogra-
phy robot section IV to analyze the optimal solution, and
to demonstrate the weight improvement obtained with the
proposed approach section V.
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Our approach is finally compared to previous works in sec-
tion V-E.

II. The problem of static structural optimization of a
robot

We consider the design of robots whose kinematic struc-
ture has already been chosen in a previous design stage un-
der geometric and kinematic requirements. In this study,
we are interested in the choice of the links shape parame-
ters, such as thickness, beam section dimensions, and any
other geometric parameters independent of the joints rel-
ative position. All shape parameters of links are grouped
in the vectorp ∈ Rnp . We consider the set of external
load forcesF ∈ F ⊂ Rnf . nf could be more than 6 if
forces apply not only on a single point. We also consider the
joint variablesq in the configuration spaceRnq . The robot
static equations enable the writing of the 6-component joint
forces and torques vector of linki Fi with respect to joint
anglesq and external loadsF .

Fi = J(q)F ∀i = 1..nq (1)

whereJ(q) is a Jacobian matrix.

We must consider a static structural model of links to get
end-effector displacement and internal stress tensorσ. For
each link this tensor depends on forces applied on this body
and the pointP of the link.

σi(p, P, Fi, Fi−1)∀P ∈ link i (2)

For notation simplicity, we only consider serial robots sub-
mitted to joint forces with previous and next body. But this
notation can be extended to tree-like and parallel robots. We
do not consider any stiffness for motors. In a static case, it
could be infinite with an integral term in the joint control
law. Any other source of joint deformation could be taken
into account in a 3D structural model.

In this paper, we address the problem of optimally choos-
ing the shape parametersp to minimize a criterionC(p)
of the robot for the whole configuration space and external
load space under a yield criterion and additional constraints
g(p, q, F ) < 0. The mathematical formulation of this de-



sign optimization problem is the following.

min
p∈R

np
C(p)

subject to

σVM i(p, P, Fi, Fi−1) < σy

Fi = J(q)F
g(p, q, F ) < 0















∀P ∈ link i
∀i ∈ [1, nq]
∀q ∈ Rnq

∀F ∈ F

(3)

WhereσVM is the Von Mises stress computed fromσ that
must be inferior to the yield strengthσy in order to avoid
yield. This problem is a high-dimensional semi-infinite
nonlinear optimization problem, see [1]. Semi-infinite opti-
mization problems carry an infinite number of constraints,
which is the case of constraints on Von Mises stress that
take place whatever the pointP , robot configurationq and
external load forcesF . In this case, the semi-infinite space
is of dimensionnq+nf +3 (the 3-dimensional space being
the space of position of yield constraint). We will see in the
next section how this problem is approximated in order to
solve it numerically.

III. Approximation of the problem for numerical solv-
ing

A. Structural model of the robot

For the structural model, any Finite Element algorithm
could be used, but as a first step, we choose the simplest
beam model. This model is adapted for robot elongated
links. For improved solution, we consider non-uniform
links by discretizing them in piece-wise uniform beams.
We also neglect the links gravity forces compared to the
end-effector force and motors weight. For the computation
of the internal stress, we considered bending, compression,
torsion, as well as shear forces and moments. The beams
section parameters will constitute the shape parameters of
such a structural model.

B. Discretized optimization problem

In order to solve the problem (3) with nonlinear op-
timization methods, the semi-infinite constraints are dis-
cretized. We will notePi ∈ link i the set of discretized
geometric points belonging to linki, Q ∈ Rnq the set of
discretized configuration points belonging to configuration-
space,F ∈ F the set of discretized external loads. The new
discretized optimization problem is then,

min
p∈R

np
C(p)

subject to

σVM i(p, P, Fi, Fi−1) < σy

Fi = J(q)F
g(p, q, F ) < 0















∀P ∈ P

∀i ∈ [1, nq]
∀q ∈ Q

∀F ∈ F

(4)

It is important to notice that the evaluation of all con-
straints will neednc FEM computations, wherenc = nfd×

nqd with nfd the number of discretized external loads and
nqd the number of discretized configuration points (in the
hypothesis that all discretized loads apply to all discretized
configuration). In the case whereF would depend onq,
computation would be different.

C. Gradients computation

To improve the convergence speed and robustness, we
computed the gradients of the criteria and the constraints.
To this end, we used the open-source OpenSees finite ele-
ment software [2], developed for the seismic response of
structural and geotechnical systems. OpenSees includes
sensitivity computations, as well as the parameters manage-
ment, which allows us to compute the exact internal stress
gradients, constraints and criteria.

D. Optimization method

We used the sequentially quadratic programming (SQP)
method NPSOL [3]. This is a gradient-based method that
will find very efficiently a local solution.

IV. Application to Estele echography robot

A. Estele robot presentation

This work takes place in the context of tele-echography,
which consists in a specialist controlling at a distance the
motion of an ultra-sound probe through an echography
robot. The analysis of echographic exams [4] showed two
steps: a search for the organ to observe, and then the ob-
servation of the organ itself Fig. 1(a). For the complete
exam 6 degrees of freedom are necessary. But for an emer-
gency situation a portable robot is more adapted. It has been
showed 6 dof robots are too heavy to be portable, therefore
portable robots are usually restricted to 4 dof: 3 rotational
dof, and one translation normal to the contact. Such dof
are adapted to the second step of organ observation. Miss-
ing dof are provided by the person holding the robot that
can be asked to change the position of the robot on the pa-
tient. The gesture analysis additionally showed that expert
is observing essentially around the normal to the patient
Fig. 1(b). Robots are then better adapted if the center of
their workspace is around this normal.
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(a)Echography exam (b)Time repartition of probe orientation
with respect to normal of contact

Fig. 1. Analysis of echographic exams.



(a)Photo

(b)Kinematic diagram (c)Structure in same configura-
tion

Fig. 2. Estele prototype.

The work of this paper is applied to the Estele echogra-
phy robot presented Fig. 2 [5]. This is a serial spherical
wrist robot composed of three revolute joints (θ1, θ2, θ3)
with concurrent axes, which gives a remote center of mo-
tion, see Fig. 2(b). An additional fourth prismatic joint is
also present to control the contact force applied, but will
not be considered in this paper. For the Estele robot, the
angle between joint axes is of22.5◦ so that the workspace
is a cone of45◦ with the vertical. The distance between the
center of rotation and the last revolute joint center is 18cm
in order for the echographic probe to fit with its cable.

B. Optimization problem

B.1 Parameters

The presented kinematic dimensions are taken for
granted in this study, and we will focus on the shape opti-
mization of the two first bodies of the robot. As said previ-
ously those bodies are modeled by non-uniform beams ap-

proximated by piece-wise uniform beams. We considered
all beams as tubes defined by inner radiusR0 and outer
radiusR1. We had to implement the computation of in-
ternal stress in a beam section, that does not exist in the
OpenSees software. For a tube, we computed analytically
the expression of stress due to compression, bending, tor-
sion and shear. We consideredNb beams for first and sec-
ond links, and only one beam for the third. This makes a
total of2×Nb + 1 parameters inp.

B.2 Loads and configurations

The load requirement for the robot is to sustain a max-
imum vertical force of 20N on the probe. We considered
also the weight of motors on the joints: 277g for the second
joint, 394g for the third joint (including the fourth prismatic
joint), as well as the weight of the probe of 100g. We also
considered the situation where no contact force is applied
on the probe, which correspond to a situation of the robot
moved by the technician in free space.

First and last jointsθ1 andθ3 have no effect on the forces
applied on first and second links. Except for the third link
that will undergo the same load in all directions for all third
angle valuesθ3; but since this link is a shape of revolution,
theθ3 orientation has no effect on the optimal tube param-
eters. Configuration space that must be considered for this
study is then only the space of second jointθ2. Due to a
symmetry, we consider only values between0◦ and180◦.

B.3 Criteria

The problem considered is a compromise between two
contradictory criteria: the mass of the robotM(p), and
the deformation of the robot end-effector subject to the
forces appliedd(p, q, F ) that can be seen as the preci-
sion we can obtain for the end-effector. The massM(p)
includes both the structure mass, the motors mass 671g,
and an approximate probe mass 100g. At first we dealt
with the compromise between both criteria by minimiz-
ing M(p) under a maximum acceptable displacement on
d(p, q, F ). Since criteria are contradictory, solution is at
specified acceptable displacement or limited by other con-
straints. As will be seen on the Pareto frontier Fig. 3 struc-
ture mass is then very light and displacement important,
and it is possible to decrease greatly the displacement with
relatively small increase in massM(p). This lead us to
choose another point on the Pareto frontier: the point from
which a relative decrease of one criteria gives the same
relative increase of the other criteria. We show in AN-
NEXE that we can find this point by minimizing criteria
C(p) = ln(M(p)) + ln(max

q,F
d(p, q, F )), which can be re-

formulated in

min
p,s

C(p, s) = ln(M(p)) + ln(s)

subject to

d(p, q, F )− s < 0

{

∀q ∈ Q

∀F ∈ F

(5)



where s is a slack variable that will equal the maximum dis-
placement among configurations and loads at the solution.
Additional constraints on the maximum values of both cri-
teria had to be provided, since, as we will see, solution of
proposed compromise can be for an infinite value of a crite-
rion. 3cm was chosen for the displacement, and 10% of the
mass of motors and probe for structure mass, corresponding
to 77.1g.

B.4 Constraints

The yield constraints on the Von Mises stressσV M are
considered on the discretized volume of the beams. We
considered a grid of 16 pieces on the circumference, one
point per beam along the axis of the beam. For our prob-
lem, we also noticed that the maximum of the constraints
were on the exterior surface. To keep the problem as light
as possible, we added progressively the points that had Von
Mises stress greater than the yield strengthσy .

We also added some constraints to problem (4) in order
to obtain a minimum thickness of the tubes and a maximum
radius of the tubes. Otherwise with the defined problem,
we obtain solutions with too thin and large tubes, as will be
detailed later.

We considered two materials for the robot: aluminum
(Young modulusE = 69GPa, Poisson’s rationν = 0.33,
yield strengthσy = 100MPa) and polyoxymethylene
(POM, Young modulusE = 3GPa, Poisson’s rationν =
0.35, yield strengthσy = 50MPa).

V. Results

Optimizations were performed for 8 configurations with
θ2 varying from0◦ to 157.5◦ for each of the two load con-
ditions. We consideredNb = 10 beams for first and second
link. Aluminum optimizations were performed for tubes
of minimal thickness 1mm and maximal radius of 15mm.
POM optimizations were performed for tubes with a mini-
mal thickness of 1.5mm and maximal radius of 15mm.

A. Pareto frontier of mass and displacement criteria

Pareto frontier Fig. 3 was obtained by performing sev-
eral mass minimization problems with varying maximum
constraint on displacement.

B. Case of minimum mass

For aluminum, convergence was obtained in 34 iterations
and 3min, as can be seen Table I. The optimal shape of bod-
ies obtained is presented Fig. 4. External radius range ap-
proximately from 2mm to 3mm, with a thickness of 1mm
everywhere. Characteristics of the solution are presented
Table I. The solution obtained is at the extremity of the alu-
minum Pareto of Fig. 3. Von Mises stress for all considered
configurations/loads of the optimal structure are presented
Fig. 5, and Fig. 6 focus on the zones of maximum stress
that are at the limit of yield.
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Fig. 3. Pareto frontier of structure mass with respect to displacement for
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Fig. 4. Minimum mass shape of aluminum bodies with Von Mises Stress
represented forθ2 = 0. First link is on the left, second in the middle, third
on the right.

For POM, we obtained a solution of weight 11.3g but a
norm of displacement of the end-effector of 25cm, which
is even larger than the size of the links. The corresponding
solution is outside of the POM Pareto of Fig. 3. Our beam
model is not valid anymore, and this is much too important
for our application. This echography robot is used in a vi-
sual feedback loop including a human that can compensate
for robot deformations, but not to that point. We then added
a previously unformulated requirement as a maximum dis-
placement of end-effector by 3cm. The solution obtained
is at the extremity of the POM Pareto representation Fig. 3.
Convergence characteristics and optimal solution are pre-
sented Table I. External radius ranges from 5mm to 7mm,



Fig. 5. Von Mises stress for minimum mass aluminum structurefor all configurations considered. The 8 configurations on the left correspond to the case
of a vertical force of 20N on the end-effector. The 8 configurations on the right correspond to the case of no end-effector force, that is, only submitted to its
own weight.

with a thickness of 1.5mm.

TABLE I. Results of structure mass minimization, with aluminum or
POM, for one configuration or 8 configurations.

Config. Iter. Time Weight σV M max Disp. max

Alu.
8 34 3min 12.847g 101MPa 2.78cm

θ2 = 0
◦ 41 30s 12.835g 106MPa 2.79cm

θ2 = 90
◦ 23 16s 11.117g 117MPa 2.69cm

POM
8 177 34min 21.935g 17.8MPa 3cm

θ2 = 0
◦ 86 1min30s 21.935g 17.48MPa 3cm

θ2 = 90
◦ 374 11min 21.228g 19.7MPa 3.31cm

We performed the same optimization as previously, but
for the restriction that only the straight arm configuration
θ2 = 0◦ was considered for constraints, as well as for only
the configurationθ2 = 90◦. All the convergence and solu-
tion data are presented Table I.

C. Compromise case

This problem corresponds to (5) with additional maxi-
mum structure mass of 77.1g and maximum acceptable dis-
placement of 3cm. The solutions obtained are at the max-
imum structure mass of 77.1g, see Table II. Von Mises
constraints were not included in the optimization process
since they are not active at the solution. They were slow-
ing down the computations and preventing the optimization
algorithm to converge properly for numerical reasons. To

solve it properly, Von Mises constraints could be added pro-
gressively during optimization process when they become
violated. The aluminum optimal solution is composed of
tubes of thickness 1mm, and radius from 13.5 to 15mm.
The POM optimal solution is composed of tubes of radius
15mm, and thickness from 1.5mm to 3mm.

TABLE II. Results of structure mass-displacement compromise, with alu-
minum or POM.

Config. Iter. Time Weight σV M max Disp. max
Alu. 8 109 41s 77.1g 2.96MPa 0.1mm
POM 8 232 1min 11s 77.1g 1.78MPa 1.2mm

D. Discussion

D.1 Characteristics of solutions

In all cases, the solution was at the minimum thickness
(1mm for aluminum and 1.5mm for POM) or at the max-
imum tube radius. If such constraints were not consid-
ered, the optimal solution would be for a null thickness
with an infinite radius. To prevent this, the real physical
constraint that should be added is the local buckling avoid-
ance. But such constraint is difficult to express. And the
limit of thickness could also be considered as a manufactur-
ing constraint, since too thin bodies are difficult to produce.
Maximum radius constraint can be considered as a limit on



Fig. 6. Von Mises stress for minimum mass aluminum structureopti-
mized for all configurations considered. Maximum stress of asection is
highlighted with white lines. Only configurations with maximum stress
are represented.

bulkiness of the links.
Minimum mass solutions are at the right extremities of

Pareto frontier Fig. 3. What can be additionally observed is
that displacement can be decreased a lot, while the structure
mass is increased only slightly relatively to the total mass
including motors and probe. It is therefore not interestingto
stick to the minimum mass solution. That’s why we trans-
lated this compromise in choosing the Pareto point with op-
posite relative variations of both criteria. Practically,if one
move locally from this point along the Pareto frontier, when
a criterion increase for example of 10%, the other criterion
decrease also of 10%. We discuss this compromise later on.

For the case of minimum mass and several configura-
tions, the other active constraints at the optimal solution
depends on material: for aluminum structure those are the
yield constraints ; for POM structure the only other active
constraint is the displacement limitation. When yield con-
straints are active, they are active for each section only one
time in the configuration space, as can be seen on Fig. 6.
Such a solution seems to present a decoupling between all
sections. Knowing this characteristic of the optimal solu-
tion, a dedicated algorithm could be developed to obtain
the solution in a much faster computation.

We obtained that the use of aluminum gives a lighter or

Fig. 7. Aluminum structure optimized with compromise criterion.

Fig. 8. POM structure optimized with compromise criterion.



more rigid robot than POM for all problems. The conver-
gence is fast when limiting constraints are the yield condi-
tion on the Von Mises stress. However convergence is slow
when the limiting constraint is the displacement limit while
Von Mises stress constraints are still defined in the problem.
Removing those non-active Von Mises stress constraints
improved convergence (which theoretically should not be
the case). It then seems all non-active yield constraints give
numerical problems to the optimization program. In Table I
we observe a slight yield constraint violation for the mini-
mum mass aluminum structure with 8 configurations. It is
due to the fact the discretization of the Von Mises stress is
tighter for the presentation of the solution than during the
optimization. This could be solve by adding the constraints
that are not satisfied in a new optimization problem that we
solve again.

For the compromise solution, it can be observed solu-
tions are at the maximum allowed structure mass. This can
be explained by analyzing roughly the dependence of cri-
teria with respect to radius of tubes in bending (which is
the main deformation taking place in the robot). For thin-
walled tubes of radiusR and thicknesse, in first approxima-
tion the mass is homogeneous toRe, and the displacement
is homogeneous to1

R3e
. Minimizing (5) is in first approxi-

mation equivalent to minimize−2 ln(R) which gives a Ra-
diusR tending to infinity and a displacement tending to 0
on Pareto frontier. It explains why we obtain the minimum
displacement allowed by the maximum mass constraint.

Analyzing the compromise solution, with tubes of slight
radius or thickness change, one could rather consider us-
ing uniform tubes instead, which would decrease slightly
performance of the solution, but would be much easier to
manufacture.

D.2 Interest of the approach

The Pareto frontier Fig. 3 gives insight in the problem,
but require many optimizations. For more complex robot
designs or problems with more criteria, it could be very
time consuming to obtain. In such a context, the compro-
mise optimization formulation proposed in this paper could
be very interesting.

For the case of the minimum mass aluminum structure
that is constrained by yield, the solution satisfying the con-
straints of 8 configurations is only slightly better than the
solution satisfying only constraints of configuration with
θ2 = 0◦ (weight is almost similar, the yield constraint
violation is of about5%). In this case, optimizing only
one configuration could be enough. However it was the
best configuration we could choose. For the configuration
θ2 = 90◦ (which include a point of maximal stress for a
section, see Fig. 6) solution obtained is not as optimal: the
weight is decreased but at the expense of the yield con-
straint violation of about16%. And for a random config-
uration, it could be even worse. For other cases structure is
constrained by displacement of end-effector due to the load,

and only one constraint is active. So taking the configura-
tion with θ2 = 0◦ that gives the maximum displacement,
the exact solution can be obtained. For example, consider-
ing only the configuration withθ2 = 90◦ gives a violation
of the constraint of about10% for the mass minimization of
POM structure.

Minimum mass solution presented is not a good com-
promise. However this solution shows the interest in some
cases of taking into account several configurations. We
could imagine other problems where taking several con-
straints are important: if weight is much more impor-
tant than precision, if load and configuration space are
complicate we could have several maximum displacement
loads/configurations.

We also compare our results with the original Estele
echography robot. The equivalent structure parts of the
Estele robot account for a weight of 740g in POM, while
we found minimum weight of 22g in POM and 13g in alu-
minum, and 77.1g for our mass-displacement compromise.
This is a very large difference that can be explained primar-
ily by the fact Estele echography robot was not optimized.
Another explanation why we found a very light structure
is because of the simplifications we considered. We will
present them in the next section.

D.3 Limitations of the approach

The beam model we choose does not allow to repre-
sent/choose the shapes near joints, that are complicate be-
cause of the integration of the joint, cables, motors, ... Fur-
thermore, the beam model is only valid far from the ex-
tremities of the links. The current study then gives only an
optimal choice valid near the center of each link. We also
neglected gravity forces of links. The difficulty to integrate
gravity forces of links is that it depends on the shape of
the structure. Taking into account them will complicate the
problem since loads on beams will depend on shape param-
eters.

Not making most of previous approximations will prob-
ably produce an heavier/less precise robot. However some
improvement could still give some weight/precision gain:
to consider different sections shape (in particular for the
first link that is essentially submitted to bending, the op-
timal shape is an I section) and to include a precise non-
buckling constraint in addition to the thickness constraint.
The buckling is a global characteristic of a link, that can not
be reduced to each beam of the piece-wise representation.
Furthermore, observing local buckling of tube walls require
3D FEM model. Hence some problem to integrate buckling
with the FE software beam model.

E. Related work

Many works have been devoted to the optimization of
structures, see for example the review paper [6], and the
books [7], [8], [9]. But they usually consist in non-
reconfigurable structure (like robots) and single loaded



studies. However, [7] was very interesting: it gives ana-
lytical solutions of optimal beams, taking into account both
buckling and yield constraints. It gave insight on the opti-
mal section shape, depending on the type of loads. How-
ever the results and approaches presented were not reusable
for non-uniform beams submitted to all type of constraints.
We then had to use numerical methods. [9] identified three
types of numerical shape optimization methods:
• the parametric method which consists in choosing some
basic geometric parameters from which the shape is de-
fined. This method is adapted for the optimization of
parametrized mechanical designs performed with CAD
software.
• the geometric method, which consists in considering the
shape model as the FE mesh, that allows to parametrize the
shape more precisely, but does not solve the problem of
topology choice.
• the topology method, which consists in discretising the
space and determining where to put some material. It ad-
dresses the problem of topology choice.
The approach presented in this paper is a parametric one.

Surprisingly, in the robotic field, few works have been
devoted to the structural optimization of robots, maybe be-
cause it is a very high-dimensional, difficult to solve prob-
lem. Many design optimization studies of robots are lim-
ited to kinematic properties, see [16], [17], [18], [19]. The
few studies that we found to consider structural aspects are
[10], [11], [12], [13], [14], [15]. Comparison of these works
with this paper is presented in Table III. It can be seen that
most structural optimization of robots, are interested into
stiffness and displacement of the end-effector or vibrations.
Only the work of [10] was also interested in strength of
the robot. It computed the maximal forces in the worse
configuration, and optimized the robot only for this config-
uration/load. However, we have seen in this paper Fig. 6
that the maximum stress can take place on several configu-
rations, and that several configurations must than be taken
into account simultaneously. Another contribution that we
did not found in those papers is the computation of gradi-
ents to increase robustness and speed of convergence. We
obtained reasonable times in Table I. On the contrary, in
[13], they obtained optimization times of several days and
weeks. Even if they optimized a more complex problem of
a 9-links parallel robot modeled with 3D FE elements on a
trajectory, we hope our approach with gradients computa-
tion would allow for faster computation.

VI. Conclusions and future works

A. Conclusions

We presented the general problem of shape optimization
of robots, and a simple method to obtain a problem that
can be solved with non-linear optimization algorithms. We
used beam structural model that can be applied to optimize
the shape of robots composed of elongated bodies approxi-

mated with piece-wise uniform beam. The use of OpenSees
FE software allows for gradient computation for efficient
and robust optimization. It also allows to program easily the
optimization of new problems using a scripting language.
We analyzed the problem and proposed a an easy-to-solve
formulation that gives a good compromise between two cri-
teria. We also obtained interesting results that show the
need for optimization in the whole configuration-space. We
finally showed that the approach can decrease dramatically
the weight of the structure. However the method must still
be assessed and developed in order to be more realistic and
to be usable more widely.

B. Future Works

In the near future, we will consider other section shapes,
investigate the inclusion of buckling constraints for non-
uniform beams, and finally consider more general and re-
alistic 3D structural models. We will also inverstigate if our
compromise formulation can be extended for more than 2
criteria optimization problems. On a longer term, we will
investigate the use of geometric and/or topology optimiza-
tion methods, and consider dynamic robot model and vibra-
tion model.

ANNEXE: Demonstration of problem to solve to obtain
the point on Pareto frontier that satisfy opposite relative
variations of two criteria

Let’s consider the Pareto frontier of problem with two
criteriaC1(x) > 0 andC2(x) > 0 to minimize in function
of variablesx. A point of this Pareto frontier forC1(x) = α

can be obtained by solving the following problem:

min
x

C2(x)

s.t.C1(x) < α
(6)

Let’s notexopt(α) the optimal parameterx obtained by
solving (6). The Pareto frontier equation can then be writ-
tenC2(xopt(α)). The desired point on Pareto frontier with
opposite relative variations is given bydC1

C1

= −
dC2

C2

. With
previous definition of Pareto frontier, we obtain

∂C2(xopt(α))

∂α
= −

C2(xopt(α))

α
(7)

We will show that the problem:

min
x

ln(C1(x)) + ln(C2(x)) (8)

is giving as a solution the point of the Pareto frontier that
satisfy (7). For this, we should first notice that this problem
will give us a solution on the Pareto frontier: by reductio
ad absurdum, if optimal solution of (8) was not on Pareto
frontier we would be able to decrease both criteria, which
would mean we could decrease more the criterion of (8).
Then, let’s consider the optimality condition of problem (8):

1

C1

∂C1

∂x
+

1

C2

∂C2

∂x
= 0 (9)



TABLE III. Comparison of studies on structural optimization of robots. A static robot model with a dynamic FE model meansFE dynamic computations are
valid only for small displacements. A trajectory for the Configuration/Load means that some Criteria/Constraints are defined on a trajectory. The crosses “X”
for the Criteria/Constraints indicate which type of Criteria/Constraints were considered. SQP stands for the Sequential Quadratic Programming optimization
algorithm, and GA for the Genetic Algorithm.

This paper [10] [11] [12] [13] [14] [15]

FE model
type static static dynamic static dynamic dynamic dynamic
size 1D 3D 1D 1D 3D 1D 1D

Robot model static static dynamic dynamic dynamic static dynamic
Config.×Load space 8× 2 max×1 traj. traj. traj. 10× 2 traj.

Shape non-uniform non-uniform non-uniform non-uniform uniform uniform non-uniform

Crit./Constr.
displ. X X X X

vibration freq. X X
stress X X
weight X X X X

Optimization SQP Pro/Mechanica SQP GA SQP by hand GA

Solution of (8) being on Pareto frontier, we can perform a
scalar product of optimality condition (9) with∂xopt(α)

∂α
,

1

C1

∂C1

∂x

T ∂xopt(α)

∂α
+

1

C2

∂C2

∂x

T ∂xopt(α)

∂α
= 0 (10)

whereα = C1(xopt(α)). By derivingC1(xopt(α)) and
C2(xopt(α)) with respect toα we obtain

∂C1(xopt(α))

∂α
=

∂C1

∂x

T ∂xopt(α)

∂α
= 1

∂C2(xopt(α))

∂α
=

∂C2

∂x

T ∂xopt(α)

∂α

(11)

Finally replacing those last expressions in (10) gives us the
condition of opposite variations of the criteria (7).
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